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In Seminormality in Power Series Rings, Brewer and Nichols ask whether Rred 
semmormal rmphes R [ [X] ] red is seminormal. They prove that the implication 
holds if R is Noetherian (J. Algebra 92 (1983) 282-284). The purpose of this paper 
is to show that if R is not Noetherian the implication need not hold. In other ter- 
minology, R Pit regular does not imply R[ [Xl] Pit regular. In the discussion of 
whether the example had the desired (or undesired) properties, the following 
question arose. If I.;“=” a,X’ is nilpotent in R[[X]], must the degree of nilpotency 
of the (u,} in R be bounded? That the (1, are nilpotent is known. The paper will 
give an example where (C u,.%“)~ = 0 but there is no N so 0;” = 0, for all i. (‘ 1986 
Academic Press, Inc 
1. BACKGROUND AND DEFINITIONS 
All rings are commutative with 1. 
DEFINITION. A reduced ring R is seminormal if h, c E R with b3 = c2 
implies there exists a E R such that a3 = c and a2 = h. 
The condition on b, c implies R is reduced, i.e., R has no nilpotent 
elements [2]. (Let b =O.) However, the assumption that R be reduced is 
required to have a good notion of the “seminormalization” of a com- 
mutative ring R. If one wished to generalize the definition to nonreduced 
rings by imposing the b, c condition on Rred, it would therefore be better to 
avoid the term seminormality and use instead the term “Pit regularity.” A 
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ring R is called Pit regular if Pit R E Pit R[X]. By [4], R is Pit regular if 
and only if Rred is seminormal. 
We prove the following exercise from [ 11. 
LEMMA 1.1. If y is a nilpotent element of R, then x is not a zero-divisor if 
and only if x- y is not a zero-divisor. 
Proof. x - y divides x” - y” which is x” for n 9 0. 
2. NONPASSAGE OF SEMINORMALITY OR 
PIG REGULARITY TO POWER SERIES RINGS 
EXAMPLE. Let R = K[ {bi}, {ci}], i = O,..., co, where K is any field and 
{bi}, { ci} are independent indeterminates over K. Let I be generated by 
{b;, b:, b:, c:, c:, C. r+,+k=n bibjbk-Ci+j=n CiCj} (t 22). Let S= R/I. 
The reader should note that I has been designed so that (1) all bi and ci 
are nilpotent in S and (2) B(X)3 - C(X)‘=0 where we use the generic 
notation A = A(X) = C,“=, aiX’ in S[ [Xl]. 
THEOREM 2.1. Sred = K which is seminormal, but S[ [X]lred is not 
seminormal. 
Proof: The first claim is clear. If S[ [X]lred were seminormal there 
would exist A(X) so B(X) = A(X)2 + H(X) in S[[X]] where H(X)N=O. 
(Note: In the following we will be examining elements not only in S[ [Xl] 
but various homomorphic images. By an abuse of notation we use the same 
notation for elements making clear where they live from context.) 
Now let S= S/J where J is the ideal generated by all the hi and cj except 
b,, and c3n where n is chosen equal to 2k and greater than N/2. Let b = b2,, 
and c = c3,,, then 
s= K[b, c]/(b2”, c3n, b3 - c2) = K[b, c]/(b’“, b3 -c’) 
since c3” = cbk = b9k = 0 in s. 
We have bX2”=A(X)2+ H(X) in S[[X]]. Since H is nilpotent H(X)E 
(b, c) S[ [Xl], so A(X)2 = 0 in K[ [Xl]. Thus, A(X) = 0 in K[ [Xl] and 
A(X) E (6, c) S[ [Xl] in S[ [Xl]. Let A(X) = b&(X) + CA,(X), then 
A(X)*E b(b, c) S[ [Xl] because c2 = b3 in S. Then A(X)2 = BE(X) with 
E(X) E (b, c) S[ [Xl] so E(X) is nilpotent. 
Now bX2” - bE(X) = H(X) so bN(X2” - E(X))N = 0 in S[ [Xl]. 
However, X2” - E(X) is regular by Lemma 1.1 so bN = 0 in S = K[b, c] / 
(b2”, b3 -c’). Since 2n > IV, we have a contradiction. Thus ,4(X) does not 
exist and S[ [Xl] red is not seminormal. 
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3. UNBOUNDED NILPOTENCY 
Heuristically, the reason the example of the previous section works is as 
follows. In S 6: = ci but in Sred b, and c,, become 0. In S[ [X] ] 
Z?(X)3 = C(X)‘, however in S[ [X]lred B(X) and C(X) are not 0. The fact 
that they are not zero depended highly on the fact that the degree of 
nilpotency of the coefficients was unbounded. A natural question then is 
the following. If {ai} are nilpotent elements of unbounded exponent in S, 
can C aiXi be nilpotent in S[[X]]? Rephrased, does C a,X’ nilpotent 
imply a bound on the exponent of nilpotency of the (a,}? The following 
example shows the answer to the question is no. 
EXAMPLE. Let K be a field of characteristic 0, { a;}z, independent 
indeterminates over K. Let d,, = x:, + i= n ~,a, and let I = ( {d, } ) in 
R=K[{q}]. Let S= R/Z. 
Here the reader should note that I has been designed so that A(X)’ = 0 
in S[ [X]] where A(x) = C,?YO u,X’. 
THEOREM 3.1. A(X)‘=0 in S[ [Xl], h owever there does not exist k so 
that uf = 0 for all i. 
Proqf: Work in R and define the grade of a monomial in the ui to be 
the sum of the indices. It can be shown that the exponent p(n) required 
such that UP(“) be in Z is n + 2. However, to establish the example’s proper- 
ties it is sufficient to show that a:+ ’ $ I for any n. Let V(n + 1, n2 + n) be 
the K-vector space generated by all the monomials in ui with degree n + 1 
and grade n2 + n. We exhibit a non-zero K-linear transformation F from 
V(n+1,n2+n)-,KwhichsendsJ=Z~V(n+1,n2+n)tozero.Theclaim 
follows if F(u;+ ‘) #O. Let (&,,..., i,) denote an (n + 1)-tuple of nonnegative 
integers such that c;=0 i,= n2 +n. Let D = n(Xl-X,)’ where n is over 
0 < i < j< n. Note that D is homogeneous of degree n2 + n in the n + 1 
variables X0 ,..., X,. Let f( (iO ,..., i,)) be the coefficient of Fj. . . Xk in D. 
Of course because D is unchanged by a permutation of the Xi, 
.f((io,..., i,)) is also the coefficient of any monomial in the X, with 
exponents (&,..., i,) in some order. If m = a,, ... a,,, define F(m) to be 
f((io,.-, i,)). Extend the definition of F to all of V(n + 1, n2 + n) by requir- 
ing K-linearity. J is generated as a K-vector space by elements of the form 
tu where u=C~+,+~ u+zj and t is a monomial in the uk of degree n - 1 and 
grade n2 + n -d. Therefore, F will be zero on J if f has the property that 
C f( (iO,..., i,)) = 0 where the sum is taken over i, + i, = d with other ii fixed 
and d is any fixed nonnegative integer. This property for .f follows from the 
symmetry of D. If X, is set =X,, then D becomes the zero polynomial in 
x 0 ,..., 2r ,..., X,. Thus, the coeflicient of X$ where m is a monomial in X,, 
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i # Y, s must be zero. Since this coefficient is the sum in question, f whence 
F has the desired property. It remains only to show F(‘(a: + ‘) = coefficient of 
-p . . . 
A) 
X; is not zero in n(X, - X,)‘. This coefficient can be shown to be 
en+ 1)/2 (n + I)!. 
We have D = A2 where 
1 
A=n (Xj-Xj)= 1 
x, x0 . . . x;, 
I-cj 
x p...p 
nn n 
SO 
=Sym(gXI . ..X.A), where SymMX,,..., J’,,)) 
But X&X; ... XEA has only one term in X0X7 ... X; namely (- 1 )n(n+‘)‘2 
X:X;. . . XE, the sign being that of the permutation (0 1 . n) --t (n.. . 1 0). 
Summing we obtain the desired coefficient. For the sake of completeness 
we outline the proof of 
THEOREM 3.2. A(X)2 = 0 in in any power series ring K[ [Xl] where K 
can now be any commutative ring containing i, implies a; + 2 = 0. 
Proof. It is sufficient to look at the generic example S considered above 
since any example will be a homomorphic image of S. Bigrade S by degree 
and grade so that S,,, = image of V(n, g) = the free K-module generated by 
monomials of degree n, grade g contained in R. Note that S/(a,)z2;S by 
ai-+ai-, and S/(a,,,a,)z:S by ~~--+a,~,. Since a,(a,,a,)=O we have an 
exact sequence 
S/(a,, a,) -f% s + S/(a,) + 0. 
Using the above identifications we get 
(1) 
by restricting to the bigraded pieces. 
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An easy induction on n and g shows that S,,, = 0 for g < n(n - 1). Since 
a; + 2 E S, + 2,ncn + 2j, it is zero. 
A similar method can be used to prove the following. 
THEOREM 3.3. A(X)’ = 0, r 2 2 in K[ [Xl] where K is any commutative 
ring implies ai = 0 for t > 2(r - 1 )(n + 1). If r 3 3 and r is a unit in K, then 
ak=Ofor t>(r-2)(2n+3). 
Proof We again let S be the generic example and use the sequence 
S/(4- ’ ) 3 S + S/(a,) -+ 0. (2) 
Here also S/(a,)zS. Filter S/(a;- ‘) by the ideals (ah) so that the quotients 
are image of S/(a,). The induction argument shows that S,,, = 0 for 
2(r - 1 )( g + n) < rz2 + n and the result follows. 
If r is unit in K we can replace the left hand term in (2) by 
S/(a&- I, a ;-‘al) getting the slightly improved bound S,,, = 0 for 
2(r-2)(g+ 2n)<n(n + r - 1) which shows that ai=0 for t 2 
(r - 2)(2n + 3) in this case. 
We have not attempted to show that these results are the best possible. 
Remarks. In the case A(X)2 = 0, with l/2 E K, the sequence (1) is 
actually a short exact sequence, i.e., the map on the left is injective. The 
proof uses the fact that in the polynomial ring R all relations between the 
di are consequences of the Koszul relations didj = djdj and the relations 
1 (3i-r)a,d,-i=0 for r f 0 mod 3, 
C (i-r/3)aid,-;=O for r=O mod 3. 
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